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Abstract
In this review paper I present two geometric constructions of distinguished nature, one
is over the field of complex numbers C and the other one is over the two elements field F2.
Both constructions have been employed in the past fifteen years to describe two quantum
paradoxes or two resources of quantum information: entanglement of pure multipartite sys-
tems on one side and contextuality on the other. Both geometric constructions are linked
to representation of semi-simple Lie groups/algebras. To emphasize this aspect one explains
on one hand how well-known results in representation theory allows one to see all the classi-
fication of entanglement classes of various tripartite quantum systems (3 qubits, 3 fermions,
3 bosonic qubits...) in a unified picture. On the other hand, one also shows how some
weight diagrams of simple Lie groups are encapsulated in the geometry which deals with the
commutation relations of the generalized N -Pauli group.
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Introduction
The aim of this paper is to provide an elementary introduction to a series of papers involving
geometrical descriptions of two different problems in quantum information theory: the classifica-
tion of entanglement classes for pure multipartite quantum systems on one hand [34, 35, 36, 33,
51, 37, 31] and the observable-based proofs of the Kochen-Specker Theorem on the other hand
[38, 67, 39, 52]. Apparently, these two problems have no direct connections to each other and the
geometrical constructions to describe them are of distinguished nature. We will use projective
complex geometry to describe entanglement classes and we will work with finite geometry over
the two elements field F2 to describe operator-based proofs of the Kochen-Specker Theorem.
However, when we look at both geometries from a representation theory point of view, one ob-
serves that the same semi-simple Lie groups are acting behind the scene. This observation may
invite us to look for a more direct (physical) connection between those two questions. In this
presentation I will also try to give many references on related works. However, this will not be
an exhaustive review on all possible links between geometry and quantum information and there
will be some references missing.
Before going into the details of the geometry, let us recall how those two questions are
historically related to the question of the existence of Hidden Variables Theory.
In the history of the development of quantum science, the paradoxes raised by questioning
the foundations of quantum physics turn out to be considered as quantum resources once they
have been tested experimentally. The most famous example of such a change of status for a
scientific question is, of course, the EPR paradox which started by a criticism of the foundation
of quantum physics by Einstein Podolsky and Rosen [26].
The famous EPR paradox deals with what we nowadays call a pure 2-qubit quantum system.
This is a physical system made of two parts A and B such that each part, or each particle, is a two-
level quantum system. Mathematically, a pure 2-qubit state is a vector of H = C2A⊗C2B. Denote
by (|0〉 , |1〉) the standard basis of the vector spaces C2A and C2B and let (|00〉 , |01〉 , |10〉 , |11〉)
be the associated basis of HAB. The laws of quantum mechanics tell us that |ψ〉 ∈ HAB can be
described as
|ψ〉AB = a00 |00〉+ a10 |10〉+ a01 |01〉+ a11 |11〉 , (1)
with aij ∈ C and |a00|2 + |a10|2 + |a01|2 + |a11|2 = 1. Einstein, Podolsky and Rosen introduced
the following admissible state
|EPR〉 = 1√
2
(|00〉+ |11〉), (2)
to argue that quantum mechanics was incomplete. The EPR reasoning consists of saying that,
according to quantum mechanics, a measurement of particle A will project the system |EPR〉 to
either |00〉 or |11〉, fixing instantaneously the possible outcomes of the measurement of particle
B no matter how far the distance between particles A and B is. This was characterized in [26]
as spooky action at the distance and according to Einstein, Podolsky and Rosen this was showing
that hidden variables were necessary to make the theory complete. Note that none of all 2-qubit
quantum states can produce a spooky action at the distance. If |ψ〉AB = (αA |0〉 + βA |1〉) ⊗
(αB |0〉+ βB |1〉), then the measurement of particle A has no impact on the state of particle B.
From Eq (1) one sees that the possibility to factorize a state |ψ〉AB translates to
a00a11 − a01a10 = 0. (3)
This homogeneous equation defines a quadratic hypersurface in P3 = P(C2 ⊗ C2), corre-
sponding to the projectivization of the states that can be factorized; those states are called
2
non-entangled states. The complement of the quadric is the set of non-factorizable states, i.e.
entangled states.
P3
XSep
Figure 1: Non-entangled states, denoted by XSep, and entangled states, P3\XSep, in P(C2⊗C2).
The philosophical questioning of Einstein and his co-authors about the existence of hidden-
variables to make quantum physics complete becomes a scientific question after the work of John
Bell [9], sixty years later, whose inequalities have opened up the path to experimental tests.
Those experimental tests have been performed many times starting with the pioneering works of
Alain Aspect[5] and entanglement in multipartite systems is nowadays recognized as an essential
resource in quantum information.
Another paradox of quantum physics, maybe less famous than EPR, is contextuality. In-
terestingly, the notion of contextuality in quantum physics is also related to the question of
the existence of hidden-variables. In 1975 Kochen and Specker1 [44] introduced this notion by
proving there is no non-contextual hidden-variables theory which can reproduce the outcomes
predicted by quantum physics. Here contextual means that the outcome of a measurement on a
quantum system depends on the context, i.e. a set of compatible measurements (set of mutu-
ally commuting observables2) that are performed in the same experiment. The original proof of
Kochen and Specker is based on the impossibility to assign coloring (i.e. predefine values for the
outcomes) to some vector basis associated to some set of projection operators. Let us present
here a simple and nice observable-based proof of the Kochen-Specker Theorem due to D. Mermin
[59] and A. Peres [68]. Let us denote by X,Y and Z the usual Pauli matrices,
X =
(
0 1
1 0
)
, Y =
(
0 −i
i 0
)
, Z =
(
1 0
0 −1
)
. (4)
Those three hermitian operators encode the possible measurement outcomes of a spin-12 -
particle in a Stern-Gerlach apparatus oriented in three different space directions. Taking tensor
products of two such Pauli matrices we can define Pauli operators acting on two qubits. In [68, 59]
1This concept of contextuality also appears in Bell’s paper [9, 59].
2In quantum physics, the outcomes of a measurement are encoded in an hermitian operator, called an ob-
servable. The eigenvalues of the observable correspond to the possible outcomes of the measurement and the
eigenvectors correspond to the possible projections of the state after measurement.
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Mermin and Peres considered a set of 2-qubit Pauli operators similar to the one reproduced in
Figure 2.
Y Z ZX XY −
ZY XZ Y X −
XX Y Y ZZ −
+ + +
Figure 2: The Mermin-Peres «Magic» square.
This diagram, called the «Magic» Mermin-Peres square, furnishes a proof of the impossibility
to predict the outcomes of quantum physics with a non-contextual hidden-variables theory as I
now explain. Each node of the square represents a 2-qubit observable which squares to identity,
i.e. the possible eigenvalues of each node (the possible measurement outcomes) are ±1. The
operators which belong to a row or a column are mutually commuting, i.e. they represent a
context or a set of compatible observables. The products of each row or column give either I4
or −I4 as indicated by the signs on the diagram. The odd number of negative rows makes it
impossible to pre-assign to each node outcomes (±1) which are simultaneously compatible with
the constrains on the rows (the products of the eigenvalues should be negative) and columns
(the product of the eigenvalues are positive). Therefore, any hidden-variables theory capable
of reproducing the outcomes of the measurement that can be achieved with the Mermin-Peres
square, should be contextual, i.e. the deterministic values that we wish to assign should be
context dependent. This other paradox has been studied intensively in the last decade and
experiments [1, 18, 8, 43] are now conducted to produce contextuality in the laboratory, leading
to consider contextuality as another quantum resource for quantum computation or quantum
processing [1, 41].
Both entanglement of multipartite pure quantum systems and contextual configurations of
multi-qubit Pauli observables can be nicely described by geometric constructions.To put into
perspective those two problems and their corresponding geometric descriptions, I choose to
emphasize their relations with representation theory. In Section 1, I introduce the geometric
language of auxiliary varieties and I explain how various classification results introduced in the
quantum information literature in the past 15 years can be uniformly described in terms of rep-
resentation theory. In Section 2, I describe geometrically the set of commutation relations within
the N -qubit Pauli group and explain through explicit examples how weight diagrams of some
simple Lie algebras can be extracted from such commutation relations.
4
1 The Geometry of Entanglement
In the first part of the paper, I discuss the question of the classification of entanglement for
multipartite quantum systems under the SLOCC group from the point of view of algebraic
geometry and representation theory. In the past fifteen years, there have been a lot of papers on
the subject tackling the classification for different types of quantum systems [25, 11, 12, 16, 20,
21, 24, 50, 56, 60, 61, 74]. The most famous one is probably the paper of Dür, Vidal and Cirac
[25] where it was shown that 3-qubit quantum states can be genuinely entangled in two different
ways.
1.1 Entanglement under SLOCC, tensor rank and algebraic geometry
The Hilbert space of an n-partite system will be the tensor product of n-vector spaces, where
each vector space is the Hilbert space of each individual part. Thus the Hilbert space of an
n-qudit system is H = Cd1 ⊗ · · · ⊗ Cdn . A quantum state being defined up to a phase, we will
work in the projective Hilbert space and denote by [ψ] ∈ P(H) the class of a quantum state
|ψ〉 ∈ H. The group of local reversible operations, G = SLd1(C)×· · ·×SLdn(C) acts on P(H) by
its natural action. This group is known in physics as the group of Stochastic Local Operations
with Classical Communications [10, 25] and will be denoted by SLOCC.
According to the axioms of quantum physics, it would be more natural to look at entangle-
ment classes of multipartite quantum systems under the group of Local Unitary transformations,
LU= SU(d1) × · · · × SU(dn). In quantum information theory one also considers a larger set
of transformations called LOCC transformations (Local Operations with Classical Communica-
tions) which include local unitary and measurement operations (coordinated by classical commu-
nications). Under LOCC two quantum states are equivalent if they can be exactly interconverted
by LU operations3. However, the SLOCC equivalence also has a physical meaning as explained
in [10, 25]. It corresponds to an equivalence between states that can be interconverted into
each other but not with certainty. Another feature of SLOCC is that if we consider measure of
entanglement, the amount of entanglement may increase or decrease under SLOCC while it is
invariant under LU and non-increasing under LOCC. However, entanglement cannot be created
or destroyed by SLOCC and a communication protocol based on a quantum state |ψ1〉 can also
be achieved with a SLOCC equivalent state |ψ2〉 (eventually with different probability of suc-
cess). In this sense, SLOCC equivalence is more a qualitative way of separating non equivalent
quantum states.
The set of separable, or non-entangled states, is the set of quantum states |ψ〉 which can be
factorized, i.e.
|ψ〉 = |ψ1〉 ⊗ · · · ⊗ |ψn〉 with |ψk〉 ∈ Cdk . (5)
In algebraic geometry the projectivization of this set is a well-known algebraic variety4 of
P(H), known as the Segre embedding of the product of projective spaces Pd1−1 × · · · × Pdn−1.
More precisely, let us consider the following map,
Seg : Pd1−1 × · · · × Pdn−1 → Pd1×···×dn−1 = P(H)
([ψ1], . . . , [ψn]) 7→ [ψ1 ⊗ · · · ⊗ ψn]. (6)
3Physically one may imagine that each part of the system is in a different location and experimentalists only
apply local quantum transformations, i.e. some unitaries defined by local Hamiltonians.
4In this paper an algebraic variety will always be the zero locus of a collection of homogeneous polynomials.
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The image of this map is the Segre embedding of the product of projective spaces and clearly
coincides with XSep, the projectivization of the set of separable states. We will thus write
XSep = Pd1−1 × · · · × Pdn−1 ⊂ P(H). (7)
The Segre variety has the property to be the only one closed orbit of P(H) for the SLOCC
action. Up to local reversible transformations, every separable state |ψ〉 = |ψ1〉 ⊗ · · · ⊗ |ψn〉 can
be transformed to |0〉 ⊗ · · · ⊗ |0〉 = |0 . . . 0〉 if we assume that each vector space Cdi is equipped
with a basis denoted by |0〉 , . . . , |di − 1〉,
XSep = Pd1−1 × · · · × Pdn−1 = P(SLOCC. |0 . . . 0〉) ⊂ P(H). (8)
A quantum state |ψ〉 ∈ H is entangled iff it is not separable, i.e.
|ψ〉 entangled ⇔ [ψ] ∈ P(H \XSep). (9)
In algebraic geometry, it is usual to study properties of X by introducing auxiliary varieties,
i.e. varieties built from the knowledge of X, whose attributes (dimension, degree) will tell us
something about the geometry of X.
Let us first introduce two auxiliary varieties of importance for quantum information and
entanglement: the secant and tangential varieties.
Definition 1.1. Let X ⊂ P(V ) be a projective algebraic variety, the secant variety of X is the
Zariski closure of the union of secant lines, i.e.
σ2(X) = ∪x,y∈XP1xy, (10)
where P1xy is the projective line corresponding to the projectivization of the linear span Span(xˆ, yˆ) ⊂
V (a 2-dimensional linear subspace of V ).
Remark 1.1. This definition can be extended to higher-dimensional secant varieties. More
generally, one may define the kth-secant variety of X,
σk(X) = ∪x1,...,xkPk−1x1,...,xk , (11)
where now Pk−1x1,...,xk is the a projective subspace of dimension k−1 obtained as the projectivization
of the linear span Span(xˆ1, . . . , xˆn) ⊂ V . There is a natural sequence of inclusions given by
X ⊂ σ2(X) ⊂ σ3(X) ⊂ · · · ⊂ σq(X) = P(V ), where q is the smallest integer such that the
qth-secant variety fills the ambient space.
Remark 1.2. The notion of secant varieties is deeply connected to the notion of rank of tensors.
One says that a tensor T ∈ Cd1 ⊗ · · · ⊗ Cdn has rank r iff r is the smallest integer such that
T = T1+ · · ·+Tr and each tensor Ti can be factorized, i.e. Ti = ai1⊗· · ·⊗ain. From the definition
one sees that the Segre variety Pd1−1×· · ·×Pdn−1 corresponds to the projectivization of rank-one
tensors of H and the secant variety of the Segre is the Zariski closure of the (projectivization of)
rank-two tensors because a generic point of σ2(Pd1−1 × · · · × Pdn−1) is the sum of two rank-one
tensors. Similarly, σk(Pd1−1 × · · · × Pdn−1) is the algebraic closure of the set of rank at most
k tensors. Tensors (states) which belong to σk(Pd1−1 × · · · × Pdn−1)\σk−1(Pd1−1 × · · · × Pdn−1)
will be called tensors (states) of border rank-k, i.e. they can be expressed as (limits) of rank k
tensors.
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Another auxiliary variety of importance is the tangential variety, i.e. the union of tangent
spaces. When x ∈ X is a smooth point of the variety I denote by TxX the projective tangent
space and TˆxX its cone in H.
Definition 1.2. Let X ⊂ P(V ) be a smooth projective algebraic variety, the tangential variety
of X is defined by
τ(X) = ∪x∈XTxX, (12)
(here the smoothness of X implies that the union is closed).
The auxiliary varieties built from XSep are of importance to understand the entanglement
stratification of Hilbert spaces of pure quantum systems under SLOCC for mainly two reasons.
First the auxiliary varieties are SLOCC invariants by construction because XSep is a SLOCC-
orbit. Thus the construction of auxiliary varieties from the core set of separable states XSep
produces a stratification of the ambient space by SLOCC-invariant algebraic varieties. The
possibility to stratify the ambient space by secant varieties was known to geometers more than a
century ago [77], but it was noticed to be useful for studying entanglement classes only recently
by Heydari [40]. It is equivalent to a stratification of the ambient space by the (border) ranks
of the states which, as pointed out by Brylinski, can be considered as an algebraic measure of
entanglement [17].
The second interesting aspect of those auxiliary varieties, in particular the secant and tangent
one, is that they may have a nice quantum information interpretation. To be more precise, let
us recall the definition of the |GHZn〉 and |Wn〉 states,
|GHZn〉 = 1√
2
(|0 . . . 0〉+ |1 . . . 1〉), (13)
|Wn〉 = 1√
n
(|100 . . . 0〉+ |010 . . . 0〉+ · · ·+ |00 . . . 1〉). (14)
Then we have the following geometric interpretations of the closure of their corresponding
SLOCC classes,
SLOCC.[GHZn] = σ2(XSep) and SLOCC.[Wn] = τ(XSep). (15)
It is not difficult to see why the Zariski closure of the SLOCC orbit of the |GHZn〉 state is
the secant variety of the set of separable states. Recall that a generic point of σ(XSep) is a rank
2 tensor. Thus, if [z] is a generic point of σ2(XSep), one has
[z] = [λx1 ⊗ x2 ⊗ · · · ⊗ xn + µy1 ⊗ y2 ⊗ · · · ⊗ yn], (16)
with xi, yi ∈ Cdi . Because [z] is generic we may assume that (xi, yi) are linearly independent.
Therefore, there exists gi ∈ SLdi(C) such that gi.xi ∝ |0〉 and gi.yi ∝ |1〉 for all i ∈ {1, . . . , n}.
Thus we can always find g ∈ SLOCC such that [g.z] = [GHZn].
To see why the tangential variety of the variety of separable states always corresponds to the
(projective) orbit closure of the |Wn〉 state, we need to show that a generic tangent vector of
XSep is always SLOCC equivalent to |Wn〉. A tangent vector can be obtained by differentiating a
curve of XSep. Let [x(t)] = [x1(t)⊗x2(t)⊗ · · ·⊗xn(t)] ⊂ XSep with [x(0)] = [x1⊗x2⊗ · · ·⊗xn].
Because we are looking at a generic tangent vector, we assume that for all i, x′i(0) = ui and ui
is not collinear to xi. Then Leibniz’s rule insures that
[x′(0)] = [u1 ⊗ x2 ⊗ · · · ⊗ xn + x1 ⊗ u2 ⊗ · · · ⊗ xn + · · ·+ x1 ⊗ x2 ⊗ · · · ⊗ un]. (17)
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Let us consider gi ∈ SLdi(C) such that gi.xi ∝ |0〉 and gi.ui ∝ |1〉, then we obtain [g.x′(0)] =
[Wn] for g = (g1, . . . , gn).
An important result regarding the relationship between tangent and secant varieties is due
to Fyodor Zak [84].
Theorem 1 ([84]). Let X ⊂ P(V ) be a projective algebraic variety of dimension d. Then one of
the following two properties holds,
1. dim(σ2(X)) = 2d+ 1 and dim(τ(X)) = 2d,
2. dim(σ2(X)) ≤ 2d and τ(X) = σ2(X).
To get information from Zak’s theorem one needs to compute the dimension of the secant
variety of X. This can be done by using an old geometrical result from the beginning of the
XXth century known as Terracini’s Lemma.
Lemma 1 (Terracini’s Lemma). Let [z] ∈ σ2(X) with [z] = [x+ y] and ([x], [y]) ∈ X ×X be a
general pair of points. Then
Tˆ[z]σ2(X) = Tˆ[x]X + Tˆ[y]X. (18)
Terracini’s Lemma tells us that if X is of dimension d, the expected dimension of σ2(X)
is 2(d + 1) − 1 = 2d + 1. Thus by Zak’s Theorem, one knows that if σ2(X) has the expected
dimension then the tangential variety is a proper subvariety of σ2(X) and otherwise both varieties
are the same.
Example 1.1. Let us look at the case where XSep = P1 × P1 × P1 ⊂ P7. The dimension of
σ2(XSep) can be obtained as a simple application of Terracini’s lemma. Let [x] = [φ1 ⊗ φ2 ⊗
φ3] ∈ XSep then Tˆ[x]XSep = C2 ⊗ φ2 ⊗ φ3 + φ1 ⊗ C2 ⊗ φ3 + φ1 ⊗ φ2 ⊗ C2. Thus one gets for
[GHZ] = [|000〉+ |111〉] ∈ σ2(XSep),
Tˆ[GHZ]σ2(XSep) = Tˆ[|000〉]XSep + Tˆ[|111〉]XSep
= C2 ⊗ |0〉 ⊗ |0〉+ |0〉 ⊗ C2 ⊗ |0〉+ |0〉 ⊗ |0〉 ⊗ C2
+C2 ⊗ |1〉 ⊗ |1〉+ |1〉 ⊗ C2 ⊗ |1〉+ |1〉 ⊗ |1〉 ⊗ C2.
(19)
Therefore dim(Tˆ[GHZ]σ2(XSep)) = 8, i.e. dim(σ2(XSep)) = 7.
1.2 The three-qubit classification via auxiliary varieties
As mentioned at the beginning of the section, the problem of the classification of multipartite
quantum systems acquired a lot of attention after Dür, Vidal and Cirac’s paper [25] on the
classification of three-qubit states, where it was first shown that two quantum states can be
entangled in two genuine non-equivalent ways. The authors showed that for three-qubit systems
there are exactly 6 SLOCC orbits whose representatives can be chosen to be: |Sep〉 = |000〉,
|B1〉 = 1√
2
(|000〉 + |011〉), |B2〉 = 1√
2
(|000〉 + |101〉), |B3〉 = 1√
2
(|000〉 + |110〉), |W3〉 =
1√
3
(|100〉+ |010〉+ |001〉) and |GHZ3〉 = 1√
2
(|000〉+ |111〉).
The state |Sep〉 is a representative of the orbit of separable states and the states |Bi〉 are
bi-separable. The only genuinely entangled states are |W3〉 and |GHZ3〉. It turns out that this
orbit classification of the Hilbert space of three qubits was known long before the famous paper
of Dür, Vidal and Cirac from different mathematical perspectives (see for example [65, 28]).
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Probably the oldest mathematical proof of this result goes back to the work of Le Paige (1881)
who classified the trilinear binary forms under (local) linear transformations in [49].
From a geometrical point of view the existence of two distinguished orbits corresponding to
|W3〉 and |GHZ3〉 can be obtained as a consequence of Zak’s theorem (Theorem 1). Indeed,
in Example 1.1 one shows that the secant variety of the variety of separable three qubit states
has the expected dimension and fills the ambient space. According to Zak’s Theorem, this
implies that the tangential variety τ(XSep) is a codimension-one sub-variety of σ2(XSep) = P7
and, therefore, both orbits are distinguished. In other words, from a geometrical perspective
there exist two non-equivalent, genuinely entangled states for the three-qubit system because
the secant variety of the set of separable states has the expected dimension and fills the ambient
space.
In this language of auxiliary varieties let us also mention that the orbit closures defined by
the bi-separable states |Bi〉 have also a geometric interpretation. For instance, |B1〉 = |0〉 ⊗
1√
2
(|00〉+ |11〉) = |0〉 ⊗ |EPR〉. The projective orbit closure is
P(SLOCC. |B1〉) = P1 × P3 ⊂ P7, (20)
where P3 = σ2(P1 × P1). The geometric stratification by SLOCC invariant algebraic varieties in
the 3-qubit case can be represented as in Fig. 3.
P(SLOCC. |GHZ〉) = σ2(XSep) = P7
P(SLOCC. |W 〉) = τ(XSep)
P(SLOCC. |B1〉) = P1 × P3 P(SLOCC. |B2〉) P(SLOCC. |B3〉) = P3 × P1
XSep = P(SLOCC. |000〉) = P1 × P1 × P1
Figure 3: Stratification of the (projectivized) Hilbert space of three qubits by SLOCC-invariant
algebraic varieties (the secant and tangent).
Remark 1.3. This idea of introducing auxiliary varieties to describe SLOCC classes of en-
tanglement also appears in [73, 75]. It allows one to connect the study of entanglement in
quantum information to a large literature in mathematics, geometry and their applications. For
instance, the question of finding defining equations of auxiliary varieties is central in many ar-
eas of applications of mathematics to computer science, signal processing or phylogenetics (see
the introduction of [45] and references therein). Those equations can be obtained by mixing
techniques from representation theory and geometry [47, 48, 64]. In the context of quantum
information finding defining equations of auxiliary varieties provides tests to decide if two states
could be SLOCC equivalent. Classical invariant theory also provides tools to generate invari-
ant and covariant polynomials [14, 15, 57, 58] and these techniques were used in [34, 35, 36] to
identify entanglement classes with auxiliary varieties.
9
1.3 Geometry of hyperplanes: the dual variety
Another auxiliary variety of interest is the dual variety of XSep:
X∗Sep = {H ∈ (PN )∗,∃x ∈ XSep, TxXSep ⊂ H}. (21)
The variety X∗Sep parametrizes the set of hyperplanes defining singular (non-smooth) hyperplane
sections of XSep. Using the hermitian inner product on H, one can identify the dual variety of
XSep with the set of states which define a singular hyperplane section of XSep. More precisely,
given a state |ψ〉 ∈ H we have
|ψ〉 ∈ X∗Sep iff XSep ∩Hψ = {|ϕ〉 ∈ XSep, 〈ψ,ϕ〉 = 0} is singular. (22)
For XSep = Pd1−1 × Pd2−1 × · · · × Pdn−1 (with dj ≤
∑
i 6=j di), the variety X
∗
Sep is always a
hypersurface, called the hyperdeterminant of format d1 × d2 × · · · × dn [28]. By construction
the hyperdeterminant is SLOCC-invariant and so is its singular locus. Therefore, the hyperde-
terminant and its singular locus can be used to stratify the (projectivized) Hilbert space under
SLOCC.
This idea goes back to Miyake [60, 61, 62] who interpreted previous results of Weyman and
Zelevinksy on singularities of hyperdeterminants [83] to describe the entanglement structure
for the 3- and 4-qubit systems, as well as for the 2 × 2 × n-systems. Following Miyake, the
hyperdeterminant of format 2 × 2 × 2, also known as the Cayley hyperdeterminant, provides a
dual picture of the three-qubit classification (Fig. 4).
P(SLOCC. |GHZ〉) = P7
P(SLOCC. |W 〉) = X∗Sep
P(SLOCC. |B1〉) = Sing1X∗Sep P(SLOCC. |B2〉) = Sing2X∗Sep P(SLOCC. |B3〉) = Sing3X∗Sep
XSep = P(SLOCC. |000〉) = P1 × P1 × P1
Figure 4: Stratification of the (projectivized) Hilbert space of three qubit by SLOCC-invariant
algebraic varieties (the dual and its singular locus). SingiX∗Sep represent different components of
the singular locus [60, 83].
One can go further by studying which types of singular hyperplane sections can be associated
to a given state.
To do so we use the rational map defining the Segre embedding to obtain the equations of
the hyperplane sections:
Pd1−1 × · · · × Pdn−1 → P(H)
([x11 : · · · : x1d1 ], . . . , [xn1 : · · · : xndn ]) 7→ [x11x21 . . . xn1 : · · · : xJ : · · · : x1d1x2d2 . . . xndn ],
(23)
where xJ , for J = (i1, . . . , in) with 1 ≤ ij ≤ dj , denotes the monomial xJ = x1i1x2i2 . . . xnin . In
(23) the monomials xJ are ordered lexicographically in terms of multi-indices J . Therefore to a
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state |ψ〉 = ∑ ai1...in |i1 . . . in〉 one associates the hypersurface of XSep defined by
f|ψ〉 =
∑
i1,...,in
ai1...inx
1
i1 . . . x
n
in = 0. (24)
If |ψ〉 ∈ X∗Sep, then f|ψ〉 is a singular homogeneous polynomial, i.e. there exists x ∈ XSep such
that
f|ψ〉(x) = 0 and ∂ikf|ψ〉(x) = 0. (25)
In the 70s Arnol’d defined and classified simple singularities of complex functions [3, 4].
Definition 1.3. One says that (f|ψ〉, x) is simple iff under a small perturbation it can only
degenerate to a finite number of non-equivalent singular hypersurfaces (f|ψ〉 + εg, x′) (up to bi-
holomorphic change of coordinates).
Simple singularities are always isolated, i.e. the Milnor number µ = dimC[x1, . . . , xn]/(∇fx)
is finite, and they can be classified in 5 families (Table 1).
Type Ak Dk E6 E7 E8
Normal form xk+1 + y2 xk−1 + xy2 x3 + y4 x3 + xy3 x3 + y5
Milnor number k k 6 7 8
Table 1: Simple singularities and their normal forms.
The singular type can be identified by computing the Milnor number, the corank of the
Hessian and the cubic term in the degenerate directions.
Example 1.2. Let us consider the 4-qubit state |ψ〉 = |0000〉 + |1011〉 + |1101〉 + |1110〉. The
parametrization of the variety of separable states is given by φ([x0 : x1], [y0 : y1], [z0 : z1], [t0 :
t1]) = [x0y0z0t0 : · · · : x1y1z1t1]. The homogeneous polynomial associated to |ψ〉 is
f|ψ〉 = x0y0z0t0 + x1y0z1t1 + x1y1z0t1 + x1y1z1t0. (26)
In the chart x0 = y1 = z1 = t1 = 1 one obtains locally the hypersurface defined by
f(x, y, z, t) = yzt+ xy + xz + xt. (27)
The point (0, 0, 0, 0) is the only singular point of f|ψ〉 (the hyperplane section is tangent to
[|0111〉]). The Hessian matrix of this singularity has co-rank 2 and µ = 4. Therefore the hyper-
plane section defined by |ψ〉 has a unique singular point of type D4 and this is true for all states
SLOCC equivalent to |ψ〉.
The four-qubit and three-qutrit pure quantum systems are examples of systems with an
infinite number of SLOCC-orbits. However, in both cases the orbit structure can still be described
in terms of family of normal forms by introducing parameters. The 4-qubit classification was
originally obtained by Verstraete et al. [78] with a small correction provided by [21]. Regarding
the 3-qutrit classification, it has not been published in the quantum physics literature, but it
can be directly translated from the orbit classification of the 3 × 3 × 3 complex hypermatrices
under GL3(C) × GL3(C) × GL3(C) obtained by Nurmiev [63]. In [37, 31] I calculated with my
co-authors the type of isolated singularities associated to those forms. First of all, all isolated
singularities are simple but moreover the worst, in terms of degeneracy, isolated singularity that
11
arises is, in both cases, of type D4. This allows us to get a more precise onion-like description
[60] of the classification, see Fig 5. It also gives information about how a state can be perturbed
to another one. For instance, for a sufficiently small perturbation a state corresponding to a
singular hyperplane section with only isolated singularities can only be changed to a state with
isolated singularities of a lower degeneracy.
Theorem 2 ([37]). Let Hψ be a hyperplane of P(H) tangent to XSep = P1 × P1 × P1 × P1 ⊂ P15
and such that XSep ∩Hψ has only isolated singular points. Then the singularities are either of
types A1, A2, A3, or of type D4, and there exist hyperplanes realizing each type of singularity.
Moreover, if we denote by X̂∗Sep ⊂ H the cone over the dual variety of XSep, i.e. the zero locus
of the Cayley hyperdeterminant of format 2 × 2 × 2 × 2, then the quotient map5 Φ : H → C4 is
such that Φ(X̂∗Sep) = ΣD4, where ΣD4 is the discriminant of the miniversal deformation
6 of the
D4-singularity.
Theorem 3 ([31]). Let Hψ ∩ X be a singular hyperplane section of the algebraic variety of
separable states for three-qutrit systems, i.e. XSep = P2 × P2 × P2 ⊂ P26 defined by a quantum
pure state |ψ〉 ∈ P26. Then Hψ ∩XSep only admits simple or nonisolated singularities. Moreover
if x is an isolated singular point of Hψ ∩XSep, then its singular type is either A1, A2, A3 or D4.
Figure 5: Four-qubit and three-qutrit entanglement stratification by singular types of the hy-
perplane sections. Thus cusp components correspond to states with sigularities which are not
of type A1 and the node components correspond to states with at least two singular points [83].
The names of the normal forms come from [78] and [63].
1.4 Representation theory and quantum systems
Let us now consider G, a complex semi-simple Lie group, and V , an irreducible representation
of G, i.e. one considers a map ρ : G→ GL(V ) defining an action of G on V such that there is no
5In the four-qubit case, the ring of SLOCC invariant polynomials is generated by four polynomials denoted
by H,L,M and D in [57]. One way of defining the quotient map is to consider Φ : H → C4 defined by
Φ(xˆ) = (H(xˆ), L(xˆ), N(xˆ), D(xˆ)), see [37].
6The discriminant of the miniversal deformation of a singularity parametrizes all singular deformations of the
singularity [3].
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proper subspace of V stablized by G. The projectivization of an irreducible representation P(V )
always contains a unique closed orbitXG ⊂ P(V ) called the highest weight orbit [27]. The Hilbert
space H = Cd1 ⊗· · ·⊗Cdn is an irreducible representation of SLOCC = SLd1(C)×· · ·×SLdn(C)
and, in this particular case, the highest weight orbit is nothing but the Segre variety XSep =
Pd1−1 × · · · × Pdn−1.
It is natural to ask if other semi-simple Lie groups and representations have physical in-
terpretations in terms of quantum systems. Let us first introduce the case of symmetric and
skew-symmetric states.
• Consider the simple complex Lie group SLOCC = SLn(C) and its irreducible represen-
tation Hbosons = Symk(Cn) where Symk(Cn) is the kth symmetric tensor product of Cn.
Then Hbosons is the Hilbert space of k indistinguishable symmetric particles, each particle
being an n-single particle state. Physically, it corresponds to k bosonic n-qudit states.
Geometrically, the highest weight orbit is the so-called Veronese embedding of Pn−1 [29]:
vk : Pn−1 → P(Symk(Cn))
[ψ] 7→ [ψ ◦ ψ ◦ · · · ◦ ψ︸ ︷︷ ︸
k times
]. (28)
The variety vk(Pn−1) ⊂ P(Symk(Cn)) is geometrically the analogue of the variety of sep-
arable states for multiqudit systems given by the Segre embedding. It is not completely
clear what entanglement physically means for bosonic systems. The ambiguity comes from
the fact that symmetric states like |W3〉 = 1
3
(|100〉+ |010〉+ |001〉) can be factorized under
the symmetric tensor product |W3〉 = |1〉 ◦ |0〉 ◦ |0〉. However we can define entanglement
in such symmetric systems by considering the space of symmetric states as a subset of
the space of k n-dits states Cn ⊗ · · · ⊗ Cn. In this case the kth-Veronese embedding of
Pn−1 corresponds to the intersection of the variety of separable states Pn−1 × · · · × Pn−1
with P(Symk(Cn)) [16]. In the special case of n = 2, the variety vk(P1) ⊂ Pk can also be
identified with the variety of spin s-coherent states (2s = k) when a spin s-state is given as
a collection of 2s spin 12 -particles [22, 7]. For a comprehensive study about entanglement
of symmetric states, see [6].
• Consider the simple complex Lie group SLOCC = SLn(C) and its irreducible representation
Hfermions =
∧k Cn which is the the space of skew symmetric k tensors over Cn. This
Hilbert space represents the space of k skew-symmetric particles with n-modes, i.e. k
fermions with n-single particle states. In this case the highest weight orbit is also a well-
known algebraic variety, called the Grassmannian variety G(k, n). The Grassmannian
variety G(k, n) is the set of k planes in Cn and it is defined as a subvariety of P(
∧k Cn) by
the Plücker embedding [29]:
G(k, n) ↪→ P(∧k Cn)
Span{v1, v2, . . . , vk} 7→ [v1 ∧ v2 ∧ · · · ∧ vk]. (29)
From the point of view of quantum physics the Grassmannian variety represents the set
of fermions with Slater rank one and is naturally considered as the set of non-entangled
states.
Another type of quantum system which can be described by means of representation theory is
the case of particles in a fermionic Fock space with finite N -modes [74]. A fermionic Fock space
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with finite N -modes physically describes fermionic systems with N -single particle states, where
the number of particles is not necessarily conserved by the admissible transformations. Let us
recall the basic ingredient to describe such a Hilbert space. Let V be an N = 2n-dimensional
complex vector space corresponding to one particle states. The associated fermionic Fock space
is given by:
F = ∧•V = C⊕ V ⊕ ∧2V ⊕ · · · ⊕ ∧NV = ∧evenV︸ ︷︷ ︸
F+
⊕∧oddV︸ ︷︷ ︸
F−
. (30)
Similarly to the bosonic Fock space description of the Harmonic oscillator, one may describe
this vector space as generated from the vacuum |0〉 (a generator of ∧0V ) by applying creation
operators pi, 1 ≤ i ≤ N . Thus a state |ψ〉 ∈ F is given by
|ψ〉 =
∑
i1,...,ik
ψi1,...,ikpi1 . . .pik |0〉 with ψi1,...,ik skew symmetric tensors. (31)
The annihilation operators nj , 1 ≤ j ≤ N are defined such that nj |0〉 = 0 and satisfy the
Canonical Anticommutation Relations (CAR)
{pi,nj} = pinj + njpi = δij , {pi,pj} = 0, {ni,nj} = 0. (32)
To see the connection with Lie group representation, let us consider W = V ⊕ V ′ where V
and V ′ are isotropic subspaces, with basis (ej)1≤j≤2N , for the quadratic form Q =
(
0 IN
IN 0
)
and let us denote by Cl(W,Q) the corresponding Clifford algebra [27]. Thus F is a Cl(W,Q)
module
w = xiei + yjeN+j 7→
√
2(xipi + yjnj) ∈ End(F). (33)
It follows that F+ and F− are irreducible representations of the simple Lie group Spin(2N), i.e.
the spin group7. Those irreducible representations are known as spinor representations.
Example 1.3 (The box picture). Let V = C2n = C2 ⊗ Cn, i.e. a single particle can be in
two different modes (↑ or ↓) and n different locations. We denote by p1, . . . ,pn,p1, . . . ,pn the
corresponding creation operators where pi creates an ↑-particle in the i-th location and pi creates
a ↓-particle in the i-th location. One can give a box picture representation of the embedding of n
qubits in the Hilbert space F = F+ ⊕ F−. With the chirality decomposition F = F+ ⊕ F− one
gets two different ways of embedding n qubits, Fig. 6 and Fig. 7.
If we consider quantum information processing involving n bosonic qubits, n qubits or n
fermions with 2n modes, all systems can be naturally embedded in the fermionic Fock space
with N = 2n modes and the restriction of the action of the Spin(2N) = Spin(4n) group to those
sub-Hilbert-spaces boils down to their natural SLOCC group as shown in Table 2. In this sense
the Spin group can be regarded as a natural generalization of the SLOCC group.
Let us denote by ∆4n the irreducible representations F±, the algebraic variety S2n ⊂ P(∆4n)
corresponding to the highest weight orbit of Spin(4n) is called the spinor variety and generalizes
the set of separable states. Table 2 indicates that the classification of spinors could be considered
as the general framework to study the entanglement classification of pure quantum systems. The
embedding of qubits into fermionic systems (with a fixed number of particles) was used in [20] to
answer the question of SLOCC equivalence in the four-qubit case. In [51] we used the embedding
within the fermionic Fock space to recover the polynomial invariants of the four-qubit case from
the invariants of the spinor representation.
7The spin group Spin(2N) corresponds to the simply connected double cover of SO(2N) [27].
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↑↓ ↑↓ ↑↓ . . . ↑↓ |000 . . . 0〉
↓↑ ↑↓ ↑↓ . . . ↑↓ |100 . . . 0〉
↓↑ ↓↑ ↑↓ . . . ↑↓ |110 . . . 0〉
...
...
...
. . . ...
...
↓↑ ↓↑ ↓↑ . . . ↓↑ |111 . . . 1〉
Figure 6: Double occupancy embedding of the n-qubit Hilbert space (2n basis vectors) inside
F+ (n boxes and N = 2n single particle states).
↑↓ ↑↓ ↑↓ . . . ↑↓ |000 . . . 0〉
↓↑ ↑↓ ↑↓ . . . ↑↓ |100 . . . 0〉
↓↑ ↓↑ ↑↓ . . . ↑↓ |110 . . . 0〉
...
...
...
...
...
...
↓↑ ↓↑ ↓↑ . . . ↓↑ |111 . . . 1〉
Figure 7: Single occupancy embedding of the n-qubit Hilbert space (2n basis vectors) inside F+
(for n = 2k boxes and N = 2n single particle states) or F− (for n = 2k + 1 boxes and N = 2n
single particle states).
Lie algebra sl2 ⊂ sl2 + · · ·+ sl2 ⊂ sl2n ⊂ so4n
Lie group SL2(C) ⊂ SL2(C)× · · · × SL2(C) ⊂ SL2n(C) ⊂ Spin(4n)
Representation P(Symn(C2)) ↪→ P(C2 ⊗ · · · ⊗ C2) ↪→ P(∧nC2n) ↪→ P(∆4n)
Highest weight orbit vn(P1) ⊂ P1 × · · · × P1 ⊂ G(n, 2n) ⊂ S2n
Table 2: Embedding of n-bosonic qubit, n-qubit, n fermions with 2n single particle states into
fermionic Fock space with 2N = 4n modes.
1.5 From sequence of simple Lie algebras to the classification of tripartite
quantum systems with similar classes of entanglement
Let us go back to the three qubits classification and the |W3〉 and |GHZ3〉 states. After the paper
of Dür, Vidal and Cirac [25] other papers were published in the quantum information literature
describing other quantum systems featuring only two types of genuine entangled states, similar
to the |W3〉- and |GHZ3〉-states.
In [33] we showed how all those similar classifications correspond to a sequence of varieties
studied from representation theory and algebraic geometry in connection with the Freudenthal
magic square [46]. Consider a Lie group G acting by its adjoint action on its Lie algebra g. The
adjoint variety XG ⊂ P(g) is the highest weight orbit for the adjoint action. Take any point
x ∈ XG and let us consider the set of all lines of XG passing through x (these lines are tangent
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to XG). This set of lines is a smooth homogeneous variety Y ⊂ P(TxXG), called the subadjoint
variety of XG. Consider the sequence of Lie algebras
g2 ⊂ so8 ⊂ f4 ⊂ e6 ⊂ e7. (34)
This sequence gives rise to a series of subadjoint varieties called the subexceptional series. In [46]
this sequence is obtained as the third row of the geometric version of the Freudenthal’s magic
square.
To see how the subexceptional series is connected to the different classifications of [16, 56, 74,
12, 24, 50] let us ask the following question: What do the Hilbert spaces H and the corresponding
SLOCC groups G look like such that the only genuine entanglement types are |W 〉 and |GHZ〉
?
If we assume that G is a Lie group and H an irreducible representation such that the only
two types of genuine entangled states are |W 〉 and |GHZ〉 then one knows from Section 1.2
that the secant variety of the variety of separable states should fill the ambient space and be
of the expected dimension. Because the secant variety is an orbit, this orbit is dense by our
assumption and, therefore, the ring of SLOCC invariant polynomials should be generated by at
most one element. But one also knows, under our assumption and by Zak’s theorem, that in
this case the tangential variety, i.e. the |W 〉-orbit, is a codimension-one orbit in the ambient
space. Thus the ring of G-invariant polynomials for the representation H should be generated
by a unique polynomial. The classification of such representations was given in the 70’s by Kac,
Popov and Vinberg [42]. From this classification one just needs to keep the representation where
the dimension of the secant variety of the highest weight orbit is of the expected dimension. This
leads naturally to the sequence of subexceptional varieties as given in Table 3.
H SLOCC QIT interpretation XSep ⊂ P(H) g
Sym3(C2) SL2(C) Three bosonic qubit [16, 79] v3(P1) ⊂ P3 g2
(2007)
C2 ⊗ C2 ⊗ C2 SL2(C)× SL2(C)× SL2(C) Three qubit [25] P1 × P1 × P1 ⊂ P7 so8
(2001)∧〈3〉C6 Sp6(C) Three fermions with LG(3, 6) ⊂ P13 f4
with 6 single particles state
with a symplectic condition∧3C6 SL6(C) Three fermions with G(3, 6) ⊂ P19 e6
with 6 single particles state [56]
(2008)
∆12 Spin(12) Particles in Fermionic S6 ⊂ P31 e7
Fock space [74]
(2014)
V56 E7 Three partite entanglement E7/P1 ⊂ P55 e8
of seven qubit [24, 50]
(2007)
Freudenthal subexceptionnal series
Table 3: The sequence of subexceptional varieties and the corresponding tripartite systems.
Remark 1.4. The relation between the Freudenthal magic square and the tripartite entangle-
ment was already pointed out in [12, 79]. Other subadjoint varieties for the Lie algebra so2n,
n 6= 4, not included in the subexceptional series also share the same orbit structure. The physical
interpretation of those systems is clear for n = 3, 5, 6 [33, 79], but rather obscure in the general
case n ≥ 7.
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Remark 1.5. This sequence of systems can also be considered from the dual picture by looking
for generalization of the Cayley hyperdeterminant (the dual equation of X = P1 × P1 × P1).
In [46] it was also shown that all dual equations for the subexceptional series can be uniformly
described. The tripartite entanglement of seven qubits [24], under constrains given by the Fano
plane, also started with a generalization of Cayley’s quartic hyperdeterminant in relation with
black-hole-entropy formulas in the context of the black-hole/qubit correspondence [13].
2 The Geometry of Contextuality
In this second part of the paper I discuss the finite geometry behind operator-based proofs of
contextuality. Starting from the geometric description of the N -qubit Pauli group, I recall how
the concept of Veldkamp geometry associated to a point line configuration recently leaded us to
recognize weight diagrams of simple Lie algebras in some specific arrangement of hyperplanes of
the three-qubit Pauli group.
2.1 Observable-based proofs of contextuality
As explained in the introduction, operator-based proofs of the Kochen-Specker (KS) Theorem
correspond to configurations of mutli-Pauli observables such that the operators on the same
context (line) are mutually commuting and such that the product of the operators gives ±I,
with an odd number of negative contexts.
The Mermin-Peres square presented in the introduction is the first operator/observable-based
proof of the KS Theorem. In [59], Mermin also proposed another proof involving three qubit
Pauli operators and known as the Mermin pentagram (Fig. 8).
IY I
IIX
XXX Y Y X YXY XY Y
Y II
XII
IIY
IXI
Figure 8: The Mermin pentagram: a configuration of 10 three-qubit operators proving KS
Theorem. Operators on a line are mutually commuting and the doubled line corresponds to the
context where the product gives −I8.
The Mermin-Peres square and the Mermin pentagram are the smallest configurations, in
terms of number of contexts and number of operators, providing observable based proofs of
contextuality [38]. Other proofs of the KS Theorem based on observable configurations have
been proposed by Waegel and Aravind [81, 82] or Planat and Saniga [66, 72]. In terms of
quantum processing, the «magic» configurations have been investigated under the scope of non-
local games. For each magic configuration one can define a game where cooperative players can
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win with certainty using a quantum strategy. Let us look at the magic square of Fig. 2 and
consider the following game involving two players Alice and Bob, and a referee Charlie. As usual,
Alice and Bob may define a strategy in advance but cannot communicate once the game starts:
1. Charlie picks a number r ∈ {1, 2, 3} for a row and c ∈ {1, 2, 3} for a column and sends r
to Alice and c to Bob.
2. Both Alice and Bob send back to the referee a triplet of ±1 such that the number of −1 is
odd for Alice and even for Bob.
3. Alice and Bob win the game if the number in position c of Alice triplet matches with the
number in position r for Bob’s triplet (and of course the triplets of Alice and Bob satisfy
the parity condition of the previous step).
Such type of game is called a binary constrain game [23]. If Alice and Bob share a specific
four-qubit entangled state (a product of two |EPR〉-like states) they can win that game with
certainty, while it is easy to prove that there is no such classical strategy. In [2], Arkhipov
gave a graph-theoretic characterization of magic configurations in terms of planarity of the dual
configuration.
A natural question to ask is to find all possible different realizations of a given magic con-
figuration. For instance one can ask how many two-qubit KS proof similar to the Mermin-Peres
square can be built, or how many Mermin pentagrams can we obtain with three-qubit Pauli
operators ? As we will explain now this can be answered by looking at the geometry of the space
of N -qubit Pauli operators.
Remark 2.1. Originally, the first proof of KS was not given in terms of configurations of
multiqubit Pauli-operators, but by considering projection operators on some specific basis of the
three-dimensional Hilbert space. Kochen and Specker found a set of 117 operators and proved
the impossibility to assign a deterministic value ±1 to each of them by using a coloring argument
on the corresponding basis vectors. Several simplification of this original proof were proposed in
the literature. For instance, one can reduce to 18 the number of vectors needed to express the
KS Theorem in terms of projectors [19].
2.2 The Symplectic Polar space of rank N and the N-qubit Pauli group
To understand where these magic configurations live, we now start to describe geometrically the
generalized N -qubit Pauli group, i.e. the group of Pauli operators acting on N -qubit systems.
The following construction is due to M. Saniga and M. Planat [72, 30, 76] and has been employed
in the past 10 years to provide a finite geometric insight starting from the commutation relations
of Pauli observables up to the black-hole-entropy formulas [13, 53, 54].
Let us consider the subgroup PN of GL(2N ,C) generated by the tensor products of Pauli
matrices,
A1 ⊗A2 ⊗ · · · ⊗AN ≡ A1A2 . . . AN , (35)
with Ai ∈ {±I,±iI,±X,±iX,±Y,±iY,±Z,±iZ}. The center of PN is C(PN ) = {±I,±iI} and
VN = PN/C(PN ) is an abelian group.
To any class O ∈ VN , there corresponds a unique element in F2N2 . More precisely, for any
O ∈ PN we haveO = sZµ1Xν1⊗· · ·⊗ZµNXνN with s ∈ {±1,±i} and (µ1, ν1, . . . , µN , νN ) ∈ F2N2 .
Thus VN is a 2N dimensional vector space over F2 and we can associate to any non-trivial
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observable O ∈ PN \ IN a unique point in the projective space P2N−12 = P(F2N2 ).
pi : PN \ IN → P2N−12
O = sZµ1Xν1 ⊗ · · · ⊗ ZµNXνN 7→ [µ1 : ν1 : · · · : µN : νN ]. (36)
Because VN is a vector space over F2, the lines of P2N−12 are made of triplet of points (α, β, γ) such
that γ = α + β. The corresponding (class) of observables Oα, Oβ and Oγ satisfy Oα.Oβ = Oγ
(. denotes the ordinary product of operators).
Example 2.1. For single qubit we have pi(X) = [0 : 1], pi(Y ) = [1 : 1] and pi(Z) = [1 : 0]. The
projective space P12 is the projective line (X,Y, Z) (the projection pi will be omitted).
However, the correspondence between non-trivial operators of PN and points in P2N−12 does
not say anything about the commutation relations between the operators. To see geometrically
these commutation relations, one needs to introduce an extra structure. Let O,O′ ∈ PN such
that O = sZµ1Xν1 ⊗ · · · ⊗ ZµNXνN and O′ = s′Zµ′1Xν′1 ⊗ · · · ⊗ Zµ′NXν′N with s, s′ ∈ {±1,±i}
and µi, νi, µ′i, ν
′
i ∈ F2.
Then, we have
O.O′ = (ss′(−1)
∑N
j=1 µ
′
jνj , µ1 + ν
′
1, . . . , µN + ν
′
N ), (37)
and the two elements O and O′ of PN commute, if and only, if
N∑
j=1
(µjν
′
j + µ
′
jνj) = 0. (38)
Let us add to VN the symplectic form
〈O,O′〉 =
N∑
j=1
(µjν
′
j + µ
′
jνj), (39)
and let us denote by W(2N − 1, 2) the symplectic polar space of rank N i.e. the set of totally
isotropic subspaces of (P2N−12 , 〈, 〉). The symplectic polar space W(2N − 1, 2) encodes the com-
mutation relations of PN \ IN . The points ofW(2N −1, 2) correspond to non trivial operators of
PN and the subspaces of W(2N − 1, 2) correspond to P(S/C(PN )), where S is a set of mutually
commuting elements of PN .
2.3 Geometry of hyperplanes: Veldkamp space of a point-line geometry
The points and lines of W(2N − 1, 2) define an incidence structure, i.e. a point-line geometry
G = (P,L, I) where P are the points ofW(2N−1, 2), L are the lines and I ⊂ P×L corresponds to
the incidence relation. I now introduce some geometric notions for point-line incidence structures.
Definition 2.1. Let G = (P,L, I) be a point-line incidence structure. A hyperplane H of G is
a subset of P such that a line of L is either contained in H, or has a unique intersection with
H.
Example 2.2. Let us consider a 3 × 3 grid with 3 points per line, also known as GQ(2, 1).
This geometry has 15 hyperplanes splitting in two different types: the perp sets (the unions of
two «perpendicular» lines) and the ovoids (hyperplanes that contain no lines).
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Figure 9: Pictural representation of the 15 hyperplanes of the grid GQ(2, 1). 9 hyperplanes are
of type perp and 6 of them are of type ovoid.
The notion of geometric hyperplanes leads to the notion of Veldkamp space as introduced in
[70].
Definition 2.2. Let G = (P,L, I) be a point-line geometry. The Veldkamp space of G, denoted
by V(G), if it exists, is a point-line geometry such that
• the points of V(G) are geometric hyperplanes of G,
• given two points H1 and H2 of V(G), the Veldkamp line defined by H1 and H2 is the set of
hyperplanes of G such that H1 ∩H = H2 ∩H or H = Hi, i = 1, 2.
Fig. 10 furnishes an example of a Veldkamp line in V(GQ(2, 1)). It is not to difficult
to show that the hyperplanes of GQ(2, 1) accommodate the 15 points and 35 lines of P32, i.e.
V(GQ(2, 1)) = P32.
Figure 10: An example of Veldkamp line of the grid, i.e. a line of V(GQ(2, 1)). The three
hyperplanes share two by two the same intersection (and no other hyperplane of GQ(2, 1) does).
Taking two of those three hyperplanes, the thrid one is obtained by considering the complement
of the symmetric difference (see Eq (40) below).
Remark 2.2. The notion of Veldkamp space of finite point-line incidence structures has been
employed to study orbits in P2
N−1
2 under the action of SL2(F2) × · · · × SL2(F2). For N = 4, it
was possible to obtain a computer free proof of the classification of the 2 × 2 × 2 × 2 tensors
over F2 by classifying the hyperplanes of a specific configuration. More precisely it was shown
in [69] that the Veldkamp space of the finite Segre varieties of type SN = P12 × · · · × P12︸ ︷︷ ︸
N times
is the
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projective space P2
N−1
2 and that the different types of hyperplanes of SN are in bijection with
the SL2(F2)× · · · × SL2(F2)-orbits of P2N−12 .
2.4 The finite geometry of the 2-qubit and 3-qubit Pauli groups and the
hyperplanes of W(2N − 1, 2)
We now describe in detail W(3, 2) and W(5, 2), the symplectic polar spaces encoding the com-
mutation relations of the 2 and 3-qubit Pauli groups and their Veldkamp spaces.
The symplectic polar space W(3, 2) consists of all 15 points of P32 but only the 15 isotropic
lines are kept. This gives a point-line configuration description of W(3, 2), Fig. 11, known as
the doily [30].
Figure 11: The labeling of the doily, i.e. the symplectic polar space W(3, 2), by Pauli operators.
The doily is a 153-configuration (15 points, 15 lines, 3 points per line and 3 lines through each
point) which is a generalized quadrangle (i.e. is triangle free). It is the unique 153-configuration
that is triangle free among 245342 ones. The doily encodes the commutation relations of the
two-qubit Pauli group.
The doily is also known as the generalized quadrangle8 GQ(2, 2). In the following I will keep
denoting by W(3, 2) both the symplectic polar space and the associated point-line geometry
GQ(2, 2). Looking at the doily (Fig. 11) one can identify the Mermin-Peres squares built with
two-qubit Pauli operators as geometric hyperplanes of W(3, 2).
In fact, three different types of hyperplanes can be found in the doily as shown in Fig. 12:
• The hyperplanes made of 9 points (red) correspond to grids GQ(2, 1) and it is easy to
check that grids on the two-qubit Pauli group are always contextual configurations [38],
i.e. Mermin-Peres squares. Rotating by
2pi
5
one gets 10 Mermin-Peres grids in the doily.
8A point-line incidence structure is called a generalized quadrangle of type (s, t), and denoted by GQ(s, t) iff
it is an incidence structure such that every point is on t+ 1 lines and every line contains s+ 1 points such that if
p /∈ L, ∃!q ∈ L such that p and q are collinear.
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Figure 12: The three different types of hyperplanes of the doily [70]. In red hyperplanes cor-
responding to grids, GQ(2, 1), in yellow hyperplanes corresponding to perp-sets and in blue
hyperplanes of type ovoids.
• The second type of hyperplanes (yellow ones) are called perp-sets (all lines of the hyperplane
meet in one point) and one sees from Fig. 12 that there are 15 of such.
• Finally the last type of hyperplanes of the doily (blue) are line-free and such type of
hyperplanes are called ovoids. The doily contains 6 ovoids.
The geometry of V(GQ(2, 2)), the Veldkamp space of the doily, is described in full details
in [70]. Fig. 13 illustrates the different types of Veldkamp lines that can be obtained from the
hyperplanes of the doily.
In particular, V(W(3, 2)) comprises 31 points splitting in three orbits and 155 lines splitting
in 5 different types. One can show that V(GQ(2, 2)) ' P42.
The symplectic polar space W(5, 2) contains 63 points, 315 lines, 135 Fano planes. One can
build 12096 distinguished Mermin pentagrams from those 63 points [67, 53].
In the case of the three-qubit Pauli group there is no generalized polygon which accommodates
the full geometry W(5, 2). However, there exists an embedding in W(5, 2) of the split-Cayley
hexagon of order two, which is a generalized hexagon of 63 points and 63 lines such that each line
contains 3 points and each point belongs to 3 lines. This split-Cayley hexagon accommodates the
63 three-qubit operators of the three-qubit Pauli group such that the lines of the configuration
are totally isotropic lines (Fig. 14).
The general structure of V(W(2N − 1, 2)) has been studied in details in [80] where the
description of the geometric hyperplanes ofW(2N−1, 2) is explicitly given. First, let us mention
that for G =W(2N −1, 2) the Veldkamp line defined by two hyperplanes H1 and H2 is a 3-point
line (H1, H2, H3) where H3 is given by the complement of the symmetric difference,
H3 = H1 H2 = H1∆H2. (40)
To reproduce the description of V(W(2N − 1, 2) of [80], let us introduce the following quadratic
form over VN :
Q0(x) =
N∑
i=1
aibi where x = (a1, b1, . . . , aN , bN ). (41)
An observable O is said to be symmetric if it contains an even number of Y ’s or skew-symmetric if
it contains an odd number of Y ’s. In terms of the quadratic form Q0, this leads to the conditions
Q0(O) = 0 or Q0(O) = 1.
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Figure 13: The 5 types of Veldkamp lines of the doily [70]. For each line, the points collored in
black correspond to the core of the Velkamp line. Note that two types of lines (the second and
third) have the same composition (perp-perp-perp) and are distinguished by the core set, which
is either composed of three noncolinear points or three points on a line. One can check that
given any two hyperplanes on a line, the third one is the complement of the symmetric difference
of the two, see Eq (40).
There are three types of geometric hyperplanes in W(2N − 1, 2):
Type 1: Cq = {p ∈ W(2N − 1, 2), 〈p, q〉 = 0}. (42)
This set corresponds to the «perp-set» defined by q, i.e. in terms of operators, it is the set
of elements commuting with Oq.
To define Type 2 and Type 3, let us introduce a family of quadratic forms on VN parametrized
by the elements of VN : Qq(p) = Q0(p) + 〈q, p〉. Depending on the nature of Oq (symmetric or
skew-symmetric) the quadratic form will be hyperbolic or elliptic.
Type 2: for Oq symmetric Hq = {p ∈ W(2N − 1, 2), Qq(p) = 0} ' Q+(2N − 1, 2), (43)
and
Type 3: for Oq skew-symmetric Hq = {p ∈ W(2N − 1, 2), Qq(p) = 0} ' Q−(2N − 1, 2), (44)
where Q+(2N − 1, 2) denotes a hyperbolic quadric9 of W(2N − 1, 2), and Q−(2N − 1, 2) denotes
an elliptic quadric10 of W(2N − 1, 2).
9Up to a transformation of coordinates, this is a set of points x ∈ P2N−12 satisfying the standard equation
x1x2 + x3x4 + · · ·+ x2N−1x2N = 0.
10Up to a transformation of coordinates this is defined as points x ∈ P2N−12 such that f(x1, x1) + x2x3 +
. . . x2N−1x2N = 0.
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Figure 14: A 3-qubit Pauli group embedding into the split Cayley hexagon [54] in W(5, 2). The
split Cayley hexagon is a generalized polygon, it is a 633 configuration that contains no ordinary
pentagon.
The set Hq represents the set of observables either symmetric and commuting with Oq or
skew-symmetric and anticommuting with Oq.
Moreover, the following equalities hold
Cp  Cq = Cp+q, Hp Hq = Cp+q and Cp Hq = Hp+q. (45)
This leads to five different types of Veldkamp lines in W(2N − 1, 2) depending on the nature
(symmetric or not) of the points p and q (we recover the 5 different types of Veldkamp lines
illustrated in Fig 13).
2.5 From commutation relations of the 3-qubit Pauli group to the weight
diagrams of simple Lie algebras
It was first pointed out in [55] that the Mermin pentagrams showing up in the three-qubit Pauli
group can all be obtained from a «double six» configuration of such pentagrams living in a
Veldkamp line of type perp-hyperbolic-elliptic. More precisely, taking the transitive action of
the symplectic group Sp(6, 2) on W(5, 2), one can recover all Mermin pentagrams from the 12
pentagrams living in a specific subspace of the Veldkamp line (HIII , HY Y Y , CY Y Y ). According
to the previous subsection one has the following description of the three hyperplanes HIII , HY Y Y
and CY Y Y in terms of Pauli operators,
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• CY Y Y is the perp-set defined by the operator Y Y Y , i.e. the points in CY Y Y correspond
to operators commuting with Y Y Y .
• HIII is a hyperbolic quadric, i.e. is defined by Q0(x) = 0. In terms of operators it
corresponds to the set of symmetric operators (i.e. containing an even number of Y ).
• HY Y Y is an elliptic quadric, i.e. is defined by QY Y Y (x) = 0. In terms of operators it
corresponds to the set of symmetric operators commuting with Y Y Y or skew-symmetric
ones anti-communting with Y Y Y .
The core set of the Veldkamp line is the set of elements commuting with Y Y Y (they belong
to CY Y Y ) and symmetric (they belong to HIII). An explicit list of those elements is given by:
Y Y I Y IY IY Y ZZI ZIZ IZZ XXI XIX
IXX ZXI ZIX IZX XZI XIZ IXZ.
(46)
This set of observables forms a doily in W(5, 2) (see Fig. 15) that encapsulates the weight
diagram of the second fundamental representation of A5. To see this connection with simple
quadratic
cone
doily
Figure 15: Schematic representation of the Veldkamp line (HIII , HY Y Y , CY Y Y ). The core set of
this 3-qubit Veldkamp line is made of 15 operators. The commutation relations among those 15
operators define the incidence structure of a doily.
Lie algebras, let us associate to the roots α1, . . . , α5 of A5 five skew-symmetric observables as
given in Fig 16. The action of the roots by translation on the weight vectors [27] corresponds
XYX
α1
ZY X
α2
XZY
α3
Y XX
α4
Y ZX
α5
Figure 16: Labelling of the Dynkin diagram of type A5 by 3-qubit Pauli operators.
to multiplication in terms of operators. Now taking ZIZ as the highest weight vector, then Fig.
17 reproduces the weight diagram of the 15-dimensional irreducible representation of A5 built in
terms of the 3-qubit operators corresponding to the doily of Fig. 15.
25
IXZ
Y IY
IZZ ZZI
XIX IXX
ZXI Y Y I XZI
IZX ZIX
XIZ XXI
IY Y
ZIZ
α2
α1 α3
α3 α1 α4
α2 α4 α1 α5
α4 α2 α5 α1
α3 α5 α2
α5 α3
α4
Figure 17: The weight diagram of the 15-dimensional representation of A5 in terms of 3-qubit
operators. The action by the roots α1, . . . , α5 of the Dynkin diagram is obtained by multiplying
the weight by the 3-qubit operator corresponding to the root (Figure 16).
This core set also encodes the Pfaffian of 6×6 skew-symmetric matrices which is the invariant
of the 15-dimensional irreducible representation of A5. To see this, consider the observable
Ω =
∑
1≤i<j≤6 aijOij , where Oij is a three-qubit observable located at (ij) (Fig 18). Then the
polynomial Tr(Ω3) is proportional to the Pfaffian, Pf(A), where A = (aij)1≤i<j≤6 is a skew
symmetric matrix.
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16
15
35
14
36
45
12 34 56
24
13
46
25
Figure 18: Labeling of the doily by doublets. Two doublets are colinear if they have no element
in common (the third doublet on the line being the complement of the two doublets).
Remark 2.3. A different choice of representatives of the root system of A5 will generate a differ-
ent weight diagram with the operators composing the doily, i.e. the choice of the representatives
of the roots determines the highest weight vector. In [52] we provided a labeling of the operators
of the Veldkamp line in terms of a Clifford algebra. This has the double advantage to avoid
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Geometry Irreducible representation Invariant
Quadratic cone 1⊕ 15⊕ 15 rep of A5 Pfaffian (for the 15 of A5)
Elliptic Quadric 27 irrep of E6 Cartan’s cubic invariant
Hyperbolic Quadric 35 irrep of A6 7-order invariant
Table 4: Correspondence between hyperplanes, representations and invariants in the Veldkamp
line (CY Y Y , HY Y Y , HIII).
a specific labeling but also establish a connection of the full Veldkamp line with the Spin(14)
representation.
Similarly, all hyperplanes of the Veldkamp line (CY Y Y , HY Y Y , HIII) can be analyzed this way,
revealing connection with the 27-dimensional irreducible representation of E6 (elliptic quadric)
or the 35-dimensional irreducible representation of A6 (hyperbolic quadric) as well as their cor-
responding invariants (Table 4). Subparts (triangles in Fig. 15) can be combined to get other
irreducible representations like the 32-dimensional irreducible representation of SO(12) which is
made of the operators of the elliptic and hyperbolic quadrics which are not in the doily [52].
Remark 2.4. The hyperbolic quadric, i.e. the green part of the Veldkamp line Fig. 15, which
corresponds to the weight diagram of the 35-dimensional irreducible representation of A6, can
be further decomposed as 35 = 15⊕ 20 for the action of A5. In this decomposition the 15 of A5
corresponds to the doily as detailed at the beginning of the sectio,n while the other symmetric
operators, which accommodate the diagram of the 20-dimensional irreducible representation of
A5, generate the double-six of Mermin pentagrams [55].
Remark 2.5. In [52] other finite geometric structures, like extended quadrangle, are revealed
in connection with sub-parts of this «magic» Veldkamp line.
Conclusion
The two geometric constructions presented in this paper have been known in the mathematics
community for quite a long time. The concept of auxiliary varieties (secant, duals) has been
known since the XIXth century, while the notion of Veldkamp space of a point-line geometry
goes back to the 80’s of the XXth century. These geometric constructions have been shown to be
useful in quantum information in the past 15 years, first to describe quantum paradoxes such as
entanglement and contextuality. These geometric approaches could be employed in the future to
get insight into some quantum information protocols [32]. The fact that representation theory
of simple Lie algebras acts as symmetry behind the scene could also lead to interesting findings
of how to connect geometrically entanglement and contextuality.
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